Introduction.
From the few in-plane crack problems solved in finite elastostatics a substantial difference emerges with respect to the predictions of the classic linear theory of elasticity: the nonexistence of antisymmetric asymptotic solutions.
In other words, due to the nonlinearities, the crack-face opening, near the crack-tip, is to be expected even when the applied loading is antisymmetric about the crack line. In 1982, Stephenson [1] succeeded in proving this important result for a class of incompressible Mooney-Rivlin materials under the plane strain condition. Successively, the same result was obtained, again under the plane strain condition, by Le for a Hadamard material [2] , by Le and Stumpf for a class of Ogden-Ball rubberlike materials [3] , and, under the plane stress condition, by Geubelle and Knauss for a generalized neo-Hookean incompressible material [4, 5, 6] and by Tarantino for a compressible neo-Hookean material [7] .
All the nonlinear crack analyses cited gave the somewhat surprising result that the near-tip deformation field f is obtained through a mere rigid transformation of the canonical symmetric asymptotic field f*. At the crack-tip the deformation field then assumes the following asymptotic representation form: f = f° + Qr, (1.1) where the rigid translation f° and the rigid rotation Q depend on the far-field loading conditions (see Fig. 1 ). If only the dominant order terms are taken into account, the canonical field f* represents the particular deformation field in which the crack faces open symmetrically, satisfying the symmetry properties fi(r,6) = fl(r,-e) and /2*(r,0) = -/2*(r, -6), (1.2) just like Mode I in linear elastic fracture mechanics. It is important to note that (1.1) holds regardless of the type of assigned loading conditions (that is, for Mode I loading, Mode II loading, or any combination). Stephenson's result shows how the peculiarity of the nonlinear behaviour, for a wide class of cracked bodies, results mainly in the impossibility of the antisymmetric mode (or Mode II), so that mixed-mode interaction leading to crack kinking is also impossible. Given the symmetries of the canonical field and of the material properties, and excluding the branching, a propagating crack-tip, in the reference configuration, will necessarily move following the straight path, and this for every type of loading condition.
This particular implication motivates the present work, in which a crack propagation analysis in the context of finite elastodynamics is performed. More specifically, a straight crack, that suddenly grows at constant velocity in a thin sheet of compressible neoHookean material, is studied. A similar plane crack problem so far does not seem to have been treated; while, a steady-state dynamic crack propagation problem, for an elasticplastic material under the antiplane deformation condition (Mode III), was investigated by Achenbach and Nishimura [8, 9] . equation of motion, the boundary and initial conditions are expressed with respect to a coordinate system which translates with such a line and whose origin is attached to the apex. In Sec. 3, an asymptotic analysis is carried out by pursuing the local motion field around the moving crack-tip. The dynamic version of Stephenson's result and the related canonical motion field are discussed in Sec. 4, where the expressions that describe the asymptotic crack profile during propagation are also obtained. Finally, in Sec. 5, the asymptotic Piola-Kirclilioff and Cauchy stress fields around the moving crack-tip, together with the related orders of stress singularity and the vector of energy flux, are computed.
2. Local formulation of the nonlinear crack propagation problem.
As already mentioned, our attention will be confined to thin hyperelastic sheets, under the plane stress condition, composed of homogeneous, isotropic material, whose stored energy function W has the compressible neo-Hookean form [10] W(F) = a||F||2 + r(det F) for all F G Lin+,2 (2.1)
where A^ are the principal stretches of the deformation gradient F. In (2.1), a denotes a strictly positive constant and T :]0, oo[-> R is a convex function, for which we assume the expression proposed in [11] T(<5) = cS2 -a! Log <5, where F^ = dT/dS. The mechanical behaviour of the material described by (2.3) is of a hardening-type, as can be observed by imposing a three-dimensional homogeneous deformation corresponding to a uni-axial stress and evaluating the stress response in terms of Cauchy stresses (cf. [12] p. 269). The differences with respect to a classic incompressible neo-Hookean material are illustrated in [7] , To maintain a state of plane stress, the components of the deformation gradient F are found to be [13, 14] The last quantity denotes the principal stretch with the :r3-axis as the associated principal axis. To compute A we can use the following plane invariants: h = tr (Bap) -A2 + A2, i = det {Fa0) = AiA2, 2Lin+ is the multiplicative group of (second-order) tensors, that is, all linear transformations from the vector space V into V, with positive determinant. 3These components must be considered as their restriction to the middle plane. A modern and accurate description of the fundamental relations of nonlinear plane stress theory can be found in a paper by Knowles and Sternberg [12] .
4The range of the Greek indices is {1,2}.
and successively impose the approximate assumption 7r33 = 0, dictated by the plane stress condition, obtaining
In view of (2.3) and A denotes the two-dimensional Laplace operator. The elastodynamic plane stress problem for a compressible neo-Hookean material is governed by the above quasilinear system of coupled partial differential equations.
In this paper, as mentioned in the foregoing section, we exploit Stephenson's result to formulate a dynamic crack propagation problem for a straight crack that suddenly begins to grow, following a collinear direction in the reference configuration, at constant crack speed v. Since the principal interest of the local analysis of a crack propagation problem is to study how the motion field around the moving tip evolves in time, it is necessary to express the equations of motion (2.7) with respect to the moving coordinate system indicated in Fig. 2 .
Upon adoption of the Galilean variables x[ = x\ -vt,x'2 -£2 and f = t in the transformation <pa(xx,x2,t) -> ipa(x[,x'2,t'), equations (2.7) become
By virtue of such a transformation the boundary conditions on the crack surfaces assume a simpler form. Moreover, as usual in fracture mechanics, polar coordinates are ♦ X, X 2 . Fig. 2 . Rectilinear crack propagation through the reference configuration adopted to express the motion, that is, ipa(x'1,x'2,t') -» ipa(r,6,t").
(In the sequel, the superscripts of <pa and of t" will be omitted.) Thus, equations (2.9) are rewritten as Tr r = 2a(<pi r cos 9 + </?2 r sin 6) H-(ip2 e cos 6 -ip\ q sin 0), r ip TR#r = 2a(-(/?i,r sin0 + ip2,r cos0) + -{-ip2,e sin# -^1,9 cos6>), 7k.» = -(^l.e cos 0 + ¥>2,6i Sin 6>) + V>(-^2,r cos# + <^i r sin 6), r Trbb = {<P2,9 cos 6 -ip1)Ssm9) + rp(tpljr cos 6 + ip2,r sin6).
The local crack propagation problem may now be stated by requiring that the motion ip(r,9,t) satisfies the field equations (2.10), the initial conditions Qm ip(r,6,t0) = ¥0^,6),
-(r, 6, t0) = ¥5o(r,0), (2.14)
where ip0 and <p0 are prescribed vector-valued functions, and that, at least in proximity of the crack-tip, the surfaces of the crack must be traction-free, namely Tnr9(r,9,t)\e=±n = 0, TReB{r,e,t)\g=±" = 0, An asymptotic (or local) analysis gives solutions which hold exclusively for points close to the crack-tip.
To investigate the asymptotic singularities of the motion field induced by a propagating crack we take the existence of a solution to the dynamic global problem for granted and assume that such a solution, near the moving tip, has the following representation form:
<Pa(r,0,t) = <p^(t) + rmva(0-,v)fa(t;v) + o(rm)6 asr-^0, (3.1) where 1/?^ are the components of an unknown twice continuously differentiable vectorvalued function that indicates the position occupied by the moving tip in the current configuration, and m is an unknown real-valued constant obeying the inequality 0 < m < 1. The exponent m is positive.
It must in fact not be less than zero or the motion would become infinite as r -> 0, while the assumption m < 1 ensures that the deformation gradient does not remain bounded as r -> 0. The most important singularity of the deformation gradient corresponds to the smallest exponent m G (0,1) and, through (2.6), of the Piola-Kirchhoff stress tensor. va(0\v) and ) are twice continuously differentiable real-valued unknown functions that fail to vanish identically on [-7r,7r] and on [to,tf), respectively. The functions va(6-,v) describe the angular variation of the asymptotic motion field, whereas the functions fa(t',v) show the variation in time. In both functions, the crack speed v plays the role of an assigned parameter.
We begin asymptotic computations by demanding the validity of asymptotic equalities resulting from partial differentiations of (3.1). Subsequently, by inserting (3.1) into 6o(-) and O(-) denote the Landau order symbols. In the spirit of the asymptotic analysis developed in [7] , we divide the field equations where sgn($) = 1 for 0 < 9 < it and sgn(0) = -1 for -7r < 9 < 0, and Aa denote two arbitrary real constants. For v < 1, the existence of real roots from (3.6) is guaranteed. The first step of the asymptotic analysis therefore gives the following solution:
cpa{r, 0, t) = ip°a(t) + r1/2Aa sgn (6) [1 -v2 sin2 9]l!2 -cos 0
that, like the equivalent static problem [7] , implies M(6,t) = 0, providing an inadequate estimate of the determinant of the deformation gradient S = iX = of^r"1) as r -> 0.
It is hence necessary to refine (3.1) by seeking at least a two-term approximation <Pa(r, 6, t) = ip°(t) + r1/2va(9; v)fa(t; v) + rm wa(9; v)ga(t; v) Thus, at the second iteration, one obtains an asymptotic eigenvalue problem which has the same form of the first eigenvalue problem (3.5). In particular, the nonlinear terms again fail to enter the asymptotic analysis explicitly. The smallest eigenvalue m! that satisfies the inequality m! > 1/2, and the associated eigenfunctions supplied by Eqs.
(3.11) are [17] m' = 1 and wa(9) = Bacos9, (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) where Ba are two arbitrary constants. For m! -1 (and (1 -v2 sirr 9) ^ 0), the influence of the parameter v disappears. Finally, with (3.12), the two-term approximation (3.7) of the singular asymptotic motion field around the moving crack-tip assumes the following form: 
showing how the asymptotic motion (3.13), for each t £ 1, is now an orientationpreserving mapping.
To add higher-order terms to the asymptotic solution (3.13) further iterations can be carried out; these terms, with eigenvalues greater than m! = 1, are however inessential to describe the singular motion field.
Eliminating the time-dependence and setting v = 0, fa(t;v) = ga(t-,v) = 1, one immediately obtains from (3.13) the solution of the corresponding static problem [7] :
¥>a(?~, 0) = V?a + r^2^a sin -+ rBa cos 9 + o(r) as r -> 0.
Obviously, the asymptotic solution of the local formulation necessarily contains some unknown terms.
Specifically, in the expression (3.13) of the asymptotic motion field, the functions ip°a(t), fa(t\v) and ga(t;v), together with the constants Aa and Ba) are undetermined and may be found only after solving the global dynamic crack propagation problem. 4 . Generalization of Stephenson's result and the crack profile during its propagation. In this section, Stephenson's result is extended to the crack propagation problem treated in this paper. So that, given the solution (3.13), we can retain that the asymptotic motion field at the moving-tip is obtained by applying a rigid rotation Q(t) to the canonical field <p*(r,9,t) and adding a rigid translation *p°(t), that is, <p(r, 9, t) = + Q(t)y>*(r, 9, t), (4.1) where Q(t) has the following components:'
A(t) A(t) . at the inoving-tip with the same tangent, which is perpendicular to the crack-axis. So that, at least in proximity of the crack-tip, the crack-faces are found to open smoothly, without forming cusps.
Asymptotic
Piola-Kirchhoff and Cauchy stress fields and energy flux. Prom (2.13), (2.12) and (4.3), the polar and cartesian components of the asymptotic Piola-Kirchhoff stress field are readily obtainable:
T"* = 2 a ]-r 1/2A2v sin # + (Bi cos 9 + B2 sin 9) cos 9 + °(1)> Tier = 2 a 1!2A2v cos 9 -(Bi sin 9 -B2 cos 9) cos 9° (1) where S is specified by (3.15).
To investigate the degree of stress singularity in the current configuration we introduce the following spatial radius, evaluated along the line 9 -0: p(r,0,t) = [ipl(r,0,t)2 + tp2(r,0, t)2]1^2 = B(t)r, (5. It follows that, like the corresponding nonlinear static crack problem [7] , the most singular component of the Cauchy stress tensor has the asymptotic order r~l. Since the integral (5.8) is path-independent, it may be conveniently computed over a small circle with dl = r dd, proceeding then to the limit as r -> 0. In this way, only the most singular terms of order r_1 help to evaluate the integral (5.8). Substituting a-\ j2 = aAj / I -~v sin 9 + v e sin 9 -vvte cos 9 I d9
The integrand of ji is an even function that, given its form, does not seem to be computable in closed-form; however, its numerical evaluation does not present any difficulty. In particular, for v = 0, ji = aA\^ and then decreases as v increases. On the other hand, the integrand of j2 is an odd function, so that we obtain, as expected (by virtue of the straight path followed by the moving-tip in the reference configuration) and consistently with the canonical motion field (4.3), j'2 = 0, for any value of v.
